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The Logarithmic Normal Distribution of 
Degrees of Polymerization and Molecular Weights 

c. w. P W N  

Polymer Science Program 
Department of Chemistry 
College of Pure and Applied Sciences 
Lowell Technological Institute 
Lowell, Massachusetts 01854 

A B ST R A C T 

The reason why two generalized logarithmic normal dis- 
tributions with the same set of two average molecular 
weights are interconvertible is discussed. The generalized’ 
distribution, however, appears in polymer chemistry in a 
different context. 

Let W ( x )  be a continuous distribution function of the degrees of 
polymerization (DP)  such that W ( x )  dx is the maSs or weight fraction 
of the polymer molecules with the DP between x and x + dx. The 
logarithmic normal DP distribution function is given by [ 1, 21 

which contains two parameters xm and u. A generalized logarithmic 
distribution function of order s (s being a real  number) may be 
written [ 31 
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where 

is the normalization constmt. Ws ( x )  contains three parameters:  us, 
x and 9. For the special case of s = -1, Eq. ( 2 )  reduces to Eq. (1). 

Recently, Watterson ( 4 1  has shown that if we require two logarith- 
mic distributions of different order  W s ( x )  and W r ( x )  to have the same 
set of the number- and 'neight-average DPs, 

9' 

then we can show that Ws(x)  and Wr(x)  are identical to each other. 
Here zn(s), for example, stands for the number-average DP of Ws(x). 

The purpose of this communication is 1) to point out that Honig [ 31 
has previously reached a similar  conclusion, 2)  to indicate the relation- 
ship between Honig' s and Watterson' s tvor'k9, and 3) to discuss briefly 
the significance of their  conclusion. 

We first note that the i-th average DP of Ws(x) is given by [ 61 

( 4 )  
- 
x i ( ~ )  = xs exp(sos2) exp[(i - 1/2bsz] 

where i = 1, 2, 3 ,  . . .. The first - th-ree,aver_ases are the-number-, 
weight-, and z-average DPs: xl = xnl x 2 =  x 
the viscosity-average DP of Ws (x )  may be expressed by 

and x3 = x 
W' 2' 

In addition, 

( 5 )  
- xv(s )  = xs esp (sos') esp[ (1 + a/aks2] 

Here, a is the positive exponent appearing in the intrinsic viscosity 
formula for long fie-xible polymer molecules 

zf we put s = - 1 in Eqs. ( 4 )  and ( 3), we recover various average DPs 
of the logarithmic normal distribution (Eq. 1). 

Substituting ?, and F2 of Eqs. (4) into Eqs. ( 3 ) ,  Watterson obtains 
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2 

r u 2 = u  S 

which map be denoted by 02, dropping the subscripts, and 

xs exp (su') = xr exp ( ro2 )  ( 7 )  

By the use of Eq. (7) ,  Wr (x )  is converted to Ws(x)  [ 41 and vice v e r s a  
Watterson concludes that there is, therefore, only one logarithmic 
normal distribution. 

Honig has previously shown [ 31 that Eq. (2 ) ,  after a little rearrange- 
ment, can be put into the form of Eq. ( 1) with In xs + (s * 1) u* playing 
the role of In xm. Therefore, if we adopt the definition 

then Eq. (2) transforms to Eq. (1). Honig concludes that there is no 
need to introduce a set of Ws(s) other than Eq. (l), since separate de- 
termination of xs and s by experiment seems impossible. 

The meaning of Honig' s definition (Eq. 8) becomes clear in view of 
Watterson' s relation (Eq. 7 ) ;  Eq. ( 8) is a special case of Eq. ( 7 )  for 
r = - 1, Also implicit in Honig' s treatment is an assumption corres- 
ponding to Eq. (61, equating o and us. Therefore, Eq. (8 )  may be 
interpreted as a consequence of the conditions expressed by Eqs. (3 )  
with r = -1. This indicates that Honig' s and Watterson' s works are 
essentially equivalent. 

In this connection, the conditions given by Eqs. (3) are not unique; 
i f  Ws (x )  and W r ( x )  have the same set of any two DP averages from 
Eqs. ( 4 )  and (5), then we get Eqs. ( 6 )  and (7)  which in turn guarantee 
the interconvertibility of Ws (x)  and Wr (x). 

Inspection of the forms of the DP averages given by Eqs. ( 4 )  and 
( 5)  leads us immediately to the conclusion that i f  Eqs. (6 )  and ( 7 )  
hold, then all the DP averages of Ws(x)  are equal to those of Wr(x). 
This is, of course, expected, since two identical distributions have 
the same set  of moments or averages. Under ordinary circumstances 
the reverse  would also be true: Two distributions with the same set 
of moments o r  averages are identical to each other. However, the 
distributions expressed by Eqs. ( 1) and (2) are exceptional in this re- 
gard The reader is referred to Moran [ ?] for a simple proof that the 
logarithmic normal distribution is not uniquely determined by its 
moments. His method is equally applicable to the distributions given 
by Eq. (2) .  
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On the other hand, if a three-parameter distribution function is 
glven or assumed, then it is in general completely determined by 
specification of its three moments or averages. However, for the dis- 
tribution given by Eq. (2), specification of only two averages is 
sufficient, since specification of any two averages determines a third 
(and all the other averages) as seen in the above. This is apparently 
due to the form of the averages as given by Eqs. (4) and ( 5 )  There the 
parameters xs and s occur in the same combination of xg exp (susz)  
and in no other way. Therefore, speclfication of the value of this 
combination (and not separate specification of the values of xs and s 1, 
together with the value of us, is sufficient as noted by Honig previously. 

Thus Ws(x) and W r ( x )  are identical if their two DP a v e r q e s  are 
given or specified And this distribution cm always be expressed by 
an identical logarithmic normal distribution of Eq. (1). In te rms  of 
the parameters themselves, Ws (x) is not completely determined by 
specification of two parameters only. For example, even if us = ur 
and xs - x Ws(x) and Wr(x) are different as long aa s f r. In this 
case they do not share even a single DP average in common. We can, 
however, easily find two logarithmic normal distributions (Eq. 11, one 
of which is idcntical to Ws(x) and the other identical to Wr(x). In this 
sense, introduction of the third parameter s in the logarithmic normal 
distribution as in Eq. ( 2 )  is superrluous, as pointed out by Honig and 
Watterson. 

We observe, however, that WS(x) of Eq. (2) appears quite naturally 
in polymer chemistry tn a different context. Suppose that W ( x )  of 
Eq. (1) is the weight fraction DP distribution function of a certain 
polymer sample. Then the corresponding mole fraction DP distribution 
function F(x)  of the same polymer is given by 

r' 

F(x)  = X-' W(x ) /L"x"  W(x) Cfx 

Here F(x) dx gives the mole or number fraction of the molecules with 
the DP between x and x + dx. The above F(x)  can immediately be 
recognized as W,, (x )  with U - 2  = u and X-1 = x In genera ,  
Wk( x;m,xm ), which is Wk( x) wifh uk = u and % = x may be inter- m' 
preted as the distribution function associated with the (k + 3)rd average 
DP of the polymer sample. In other words, we have 

m' 
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Xk = i;f"x Wk-3(x;a,x,) dx 

where k = 1, 2, 3, . . .. 
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